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Form of cosmic string cusps

J. J. Blanco-Pillado* and Ken D. Olum†
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~Received 2 October 1998; published 19 February 1999!

We classify the possible shapes of cosmic string cusps and how they transform under Lorentz boosts. A
generic cusp can be brought into a form in which the motion of the cusp tip lies in the plane of the cusp. The
cusp whose motion is perpendicular to this plane, considered by some authors, is a special case and not the
generic situation. We redo the calculation of the energy in the region where the string overlaps itself near a
cusp, which is the maximum energy that can be released in radiation. We take into account the motion of a
generic cusp and the resulting Lorentz contraction of the string core. The result is that the energy scales asArL
instead of the usualr 1/3L2/3, wherer is the string radius andL is the typical length scale of the string. Since
r !L for cosmological strings, the radiation is strongly suppressed and could not be observed.
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I. INTRODUCTION

Cosmic strings are topologically stable defects which m
have formed during a symmetry breaking phase transitio
the early universe. Because of their potential cosmolog
and astrophysical effects, their properties and evolution h
been extensively studied in the past decades.~For reviews
see@1,2#.! After formation, strings evolve into a scaling ne
work in which a Hubble volume at any time contains
order 1 long string and a larger number of oscillating loo
in the process of decay. The decay of cosmic string loops
been studied as a possible source of ultrahigh-energy co
rays @3,4#.

When the string is smooth on scales of the order of
string thickness, the equations of motion reduce to
Nambu-Goto form, in which the string is treated as a o
dimensional object without thickness. A typical cosm
string loop, in the course of its oscillations, produces one
more cusps: points where, in the Nambu-Goto approxim
tion, the string attains the velocity of light and doubles ba
on itself. Near a cusp, the string can interact with itself a
some of the energy stored in the string can be release
high-energy radiation@5–9#. In this paper we analyze th
possible forms of such cusps and discuss how their sh
and motion are affected by the choice of Lorentz frame.

We will consider a gauge string with an energy scaleh,
which leads to a string tensionm;h2 and a core radiusr
;h21. The first deviation from the Nambu-Goto equatio
of motion appears at order (r /R)4 @10# whereR is the radius
of curvature of the string. Far from any cusp~or kink!, R is
of cosmological size, whereasr is tiny; so the Nambu-Goto
approximation is very good. Near the cusp, the two branc
of the string can interact with each other, and the Nam
Goto approximation is no longer accurate. However, a
such interaction must fall off rapidly at large separations;
string points whose closest distance of approach is sev
timesr will not be affected by any corrections, and thus w
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have no chance to interact. Thus the result of the correct
can be, at most, to change the effective radius at which
two branches of the string can be considered to overlap.

Vincent, Antunes, and Hindmarsh@11# found significant
departures from Nambu-Goto evolution in a field theo
simulation of a string with standing waves, but Moore a
Shellard@12# did not find such an effect. We have simulate
cusp production in lattice field theory@13# and have not
found a significant departure from the Nambu-Goto evo
tion before the time of the cusp. We will assume here that
amount of energy emission can be calculated by follow
the Nambu-Goto equations of motion and finding tho
places where the strings overlap, where overlap is defi
using some radiusr;h21. The corrections discussed abov
might lead, at most, to a change ofr by a small numerical
factor, but our conclusions would not be affected.

The position of the string at timet can be given by a
function x(s,t). With the usual choice of parametrizatio
~i.e., gauge! the functionx satisfies

ux8~s,t !u21uẋ~s,t !u251, ~1a!

x8~s,t !• ẋ~s,t !50, ~1b!

and the equation of motion is

x9~s,t !5 ẍ~s,t !, ~2!

where x8 denotes differentiation with respect tos and ẋ
denotes differentiation with respect tot. The general solution
is

x~s,t !5
1

2
@a~s2t !1b~s1t !#, ~3!

wherea andb are arbitrary functions that satisfyua8u5ub8u
51. A cusp is a point at whicha8(s2t)52b8(s1t) and
thusx850 anduẋu51.

We will expandx, a, andb in Taylor series around the
position of the cusp, which we will take ass50 andt50.
By dimensional arguments, for a string with a typical leng
©1999 The American Physical Society08-1
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scaleL we expect thenth derivatives to be of orderL12n,
whereas, as we will see, we expects to be of orderArL ,
wherer is the string radius. Sincer is tiny @only a few orders
of magnitude above the Planck scale for a grand uni
theory~GUT! scale gauge string#, while L is a cosmological
size, we see that this expansion converges very rapidly
deed.

We will take the origin of coordinates at the cusp a
expanda andb near the cusp to third order ins,

a~s!5a08s1a09
s2

2
1a0-

s3

6
, ~4a!

b~s!5b08s1b09
s2

2
1b0-

s3

6
, ~4b!

where the subscript 0 denotes quantities at the cusp. To
a cusp we require

a0852b08 , ~5!

from which ẋ05b08 andx0850. Similarly, we can expand

x~s!5x09
s2

2
1x0-

s3

6
. ~6!

These vectors are shown in Fig. 1.
To maintainua8(s)u51 andub8(s)u51 we require

a9•a850, ~7a!

a-•a852ua9u2, ~7b!

and similarly forb. From Eqs.~5! and ~7! we see that

x09• ẋ050, ~8a!

x0-• ẋ05
1

2
~ ua09u

22ub09u
2!. ~8b!

Some authors@5–9# have considered cusps withx0-• ẋ0

50, but in general this will not be the case. We will see la

FIG. 1. The parameters of a cusp. The tip moves at the spee

light in the directionẋ0 , the direction of the string near the cusp
given byx09 , and the spreading of the strings is in the directionx0- .
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that ua09u/ub09u is unaffected by Lorentz transformations, s

that a cusp which does not havex0-• ẋ050 cannot be trans-
formed into one which does.

We can align our coordinate system so thatẋ0 lies along
the positivex axis. Thena09 andb09 lie in they-z plane. Since
the overall orientation in this plane is immaterial, the degre
of freedom at the second-derivative level are the magnitu
ua09u and ub09u and the angle betweena09 andb09 . Similarly at
the third-derivative level, the component ofa0- in the x di-
rection is determined by Eq.~7b!, and similarly forb0- ; so
we have two degrees of freedom each fora0- and b0- . The
cusp is specified by seven parameters in all.

II. LORENTZ TRANSFORMATIONS

We now consider the effect of a Lorentz boost on t
second- and third-derivative parameters which characte
our cusp. To determine the transformation we proceed
follows. The string world sheet is a two-dimensional surfa
in four-dimensional space. The surface is timelike excep
isolated cusp points, where it is null. A timelike two-surfa
can be characterized at each point by two forward-direc
null vectorsA andB. The length of these vectors is arbitrar

In a particular coordinate system, we can express the
sition of the string by a functionx(s,t), which we expand as
in Eq. ~3!. The four-vector (0,x8) represents motion along
the string at fixedt and thus is tangent to the world shee
Similarly, the four-vector (1,ẋ) represents motion into the
future and in the direction of motion of the string; so it al
is tangent to the world sheet. The sums and difference
these vectors are null and can be taken as ourA andB,

Am5~1,ẋ2x8!5~1,2a8!, ~9a!

Bm5~1,ẋ1x8!5~1,b8!. ~9b!

If we now transform to a new coordinate system, the v
tors A and B will still be tangent to the world sheet. Thes
vectors will still be null but they will have new componen
which we will write

Am̃5~At̃ ,A!, ~10a!

Bm̃5~Bt̃ ,B!. ~10b!

We will denote byã and b̃ the functionsa andb in the new
coordinate system. We can determineã8 and b̃8 by simply
scalingAm̃ andBm̃,

Ãm̃5~1,2ã8!5A/At̃ , ~11a!

B̃m̃5~1,b̃8!5B/Bt̃ . ~11b!

We will let our new coordinate system move with velo
ity 2b, so that a particle at rest in the original system
moving with velocityb with respect to the new coordinate

of
8-2



et

ee

or-

me

the
f

q.

FORM OF COSMIC STRING CUSPS PHYSICAL REVIEW D59 063508
The Lorentz transformation then givesAt̃5g(12a8•b) and
Bt̃5g(11b8•b), whereg51/A12b2. We will define

f A5
1

At̃
5

1

g~12a8•b!
, ~12a!

f B5
1

Bt̃
5

1

g~11b8•b!
. ~12b!

Now let h be any function defined near the world she
We can differentiate in the direction ofA or B,

Am]mh5
]h

]t U
x

2a8•“h5
]h

]t U
x

1 ẋ•“h2x8•“h

5
]h

]t U
s

2
]h

]sU
t

, ~13!

and

Bm]mh5
]h

]t U
x

1b8•“h5
]h

]t U
x

1 ẋ•“h1x8•“h

5
]h

]t U
s

1
]h

]sU
t

. ~14!

If we make an arbitrary extension ofA andB to a neigh-
borhood of the world sheet, we can define

B2
n5Bm]mBn5~0,ḃ81b9!5~0,2b9!, ~15a!

A2
n5Am]mAn5~0,2ȧ81a9!5~0,2a9!.

~15b!

In the new reference frame we will haveÃ2
m̃5(0,2ã9) where

Ã25Ãm̃]m̃Ã5 f AAm]m~ f AA!5 f A
2Am]mA1 f Af A,AA

5 f A
2A21 f Af A,AA, ~16!

with f A,A5Am]m f A , and similarlyB̃2
m̃5(0,2b̃9) with

B̃25B̃m̃]m̃B̃5 f BBm]m~ f BB!5 f B
2Bm]mB1 f Bf B,BB

5 f B
2B21 f Bf B,BB ~17!

and f B,B5Bm]m f B .
We are not concerned with the actual directions ofa8,a9,

and so on, but only their lengths and the angles betw
them. We can compute

4uã9u25g~Ã,Ã!5 f A
2 f A,A

2 g~A,A!12 f A
3 f A,Ag~A,A2!

1 f A
4g~A2 ,A2!, ~18!

where we have used a metricg5diag(21,1,1,1).
Since A is null, g(A,A)50. We also haveg(A,A2)

52a8•a950 from Eq.~7a! and so
06350
.
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uã9u5 f A
2 ua9u. ~19!

Similarly, ub̃9u5 f B
2 ub9u.

At the cusp,A5B and so we can let

f 5 f A5 f B . ~20!

At this point g(A,B)50 andg(A2 ,B)5g(B2 ,A)50; so

ã09•b̃095 f 4a09•b09 . ~21!

This means that the angle betweena09 andb09 is unaffected by
the boost. At the second-derivative level, the effect of a L
entz transformation~up to rotation! is purely to rescalea09
andb09 by the same factorf 2.

We can compute the third derivatives using the sa
technique,

~0,24a-!5A3
r5Am]m~An]n Ar!, ~22a!

~0,4b-!5B3
r5Bm]m~Bn]n Br! ~22b!

and

Ã35 f AAm]m„f AAn]n~ f AA!…

5 f A
3A313 f A

2 f A,AA21~ f Af A,A
2 1 f A

2 f A,AA!A, ~23a!

B̃35 f BBm]m„f BBn]n~ f BB!…

5 f B
3B313 f B

2 f B,BB21~ f Bf B,B
2 1 f B

2 f B,BB!B, ~23b!

where f A,AA5Am]m(An]n f A) and f B,BB5Bm]m(Bn]n f B).
The component ofa0- in the direction ofẋ0 is fixed by Eq.

~7b!; so we are only interested in the components in
directions ofa09 andb09 . When we take the inner product o
Eqs. ~23a! and ~16!, only the first and second terms of E
~23a! will contribute as before:

28ã-•ã95g~Ã3 ,Ã2!

5 f A
5g~A3 ,A2!1 f A

4 f A,Ag~A3 ,A!

13 f A
4 f A,Ag~A2 ,A2!

528 f A
5a-•a914 f A

4 f A,Aa-•a8112f A
4 f A,Aua9u2.

~24!

Using Eq.~7b! we can write this

ã-•ã95 f A
5a-•a92 f A

4 f A,Aua9u2. ~25!

Now, from Eqs.~12a! and ~13!,

f A,A5
] f A

]t U
s

2
] f A

]s U
t

5
b

g~12a8•b!2
•~ ȧ82a9! ~26!

52 f A

2b•a9

12a8•b
522g f A

2b•a9 ~27!
8-3
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and, similarly,

f B,B5
] f B

]t U
s

1
] f B

]s U
t

5
2b

g~11b8•b!2
•~ ḃ81b9! ~28!

52 f B

2b•b9

11b8•b
522g f B

2b•b9. ~29!

Equation~25! then becomes

ã-•ã95 f A
5~a-•a912g f Aua9u2b•a9!. ~30!

In the same manner we can compute

b̃-•b̃95 f B
5~b-•b922g f Bub9u2b•b9!, ~31!

and, at the cusp, using Eq.~20!,

ã0-•b̃095 f 5@a0-•b091g f „3~a09•b09!b•a092ua09u
2b•b09…#,

~32a!

b̃0-•ã095 f 5@b0-•a091g f „ub09u
2b•a0923~a09•b09!b•b09…#.

~32b!

Now we consider two types of Lorentz transformation
longitudinal boost in whichb is parallel toẋ0 , and a boost
with a transverse component but which hasf 51. For the
longitudinal boost, the directions ofẋ0 , a09 , andb09 are un-
affected. For thef 51 boost we will rotate the system afte
the boost so that these vectors are returned to their orig
directions.

For a longitudinal boost withb5b ẋ0 , the effect is to
rescale the various parameters,

ã095 f 2a09 , ~33a!

b̃095 f 2b09 , ~33b!

ã0-
~' !5 f 5a0-

~' !, ~33c!

b̃0-
~' !5 f 5b0-

~' !, ~33d!

ã0-
~ i !5 f 4a0-

~ i !, ~33e!

b̃0-
~ i !5 f 4b0-

~ i !, ~33f!

where (') denotes components perpendicular toẋ0 and (i)
denotes parallel components, and

f 5
1

g~11b!
5

A12b2

11b
5A12b

11b
. ~34!

We see that 1/f is just the Doppler shift factor for radiatio
moving in theẋ0 direction.

For an f 51 transformation,a08 , b08 , a09
(i), andb09

(i) are
unchanged, and
06350
al

ã0-•ã095~a0-•a0912gua09u
2b•a09!, ~35a!

ã0-•b̃095a0-•b091g„3~a09•b09!b•a09

2ua09u
2b•b09…, ~35b!

b̃0-•ã095b0-•a091g„ub09u
2b•a09

23~a09•b09!b•b09…, ~35c!

b̃0-•b̃095~b0-•b0922gub09u
2b•b09!. ~35d!

There are two parameters which specify thef 51 trans-
formation. For example, we can write

b5b iẋ01b' , ~36!

whereb' is perpendicular toẋ0 . To makef 51 we demand
that g(12b i)51 or A12b2512b i ; so ub'u252b i
22b i

2 . We can specifyb i and also the direction ofb' in the

plane perpendicular toẋ0 .
By the use of these two degrees of freedom, we can

pose two constraints ona0- and b0- . For example, we can

require thatx0- be parallel toẋ0 , as follows. We seek anf
51 transformation such that

05 x̃0-•ã095x0-•a091gb•F S ua09u
21

1

2
ub09u

2Da09

2
3

2
~a09•b09!b09G , ~37a!

05 x̃0-•b̃095x0-•b091gb•F3

2
~a09•b09!a09

2S ub09u
21

1

2
ua09u

2Db09G . ~37b!

These equations can be written in the form

gb•a15c1 , ~38a!

gb•a25c2 , ~38b!

wherea1 anda2 are vectors in the plane ofa09 andb09 , and
c1 andc2 are constants. Assuming that the vectorsa09 andb09
are linearly independent,a1 and a2 will be also, since one
can show that the transformation matrix is not singular. Th
we can choose a directionb̂' such that

b̂'•a1

c1
5

b̂'•a2

c2
[c.0. ~39!

Then we must find a value forb i such that

gub'u51/c. ~40!

Since f 51,g51/(12b i) and
8-4
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gub'u5
ub'u

12b i
5A 2b i

12b i
, ~41!

which can take any value by appropriate choice ofb i . Thus
by appropriate choice of parameters we can makex0-•a09

5x0-•b0950 so that only the component ofx0- parallel toẋ0

survives.
If this cusp is part of a string with a typical length scaleL,

then we expecta09 ,b09;L21 and x0-;L22. Thus ua1u,ua2u
;L23 andc1 ,c2;L23; sogubu needs only to be of order 1
We do not need a huge boost to go to the frame wherex0- is

parallel toẋ0 .
Once in this canonical frame, we can make longitudi

boosts to scaleua09u and ub09u. Thus, up to boosts, the cusp
given by four parameters: the relative magnitude ofa09 and

b09 , the angle between them, and two parameters givingẋ09 in

the plane perpendicular toẋ0 .
From these transformations we can determine the wa

which the amount of radiation produced by a cusp sca
with the typical length scaleL. We will imagine that we
know nothing about the process by which this radiation
produced, except for the following assumptions: the rad
tion is strongly relativistic; the radiation is strongly beam
in the direction ofẋ0 ; and the amount of radiation depen
only on x09 , ẋ08 , andx0- .

Consider a cusp with length scaleL and suppose that i
emits an amount of radiationE. Now suppose first that we
rescale this cusp by a factors. We will have

x09 ,ẋ08;s21, ~42a!

x0-;s22. ~42b!

Now suppose instead that we transform the cusp by a lo
tudinal boost withf 5s21/2. From Eqs.~33! the parameters
scale as

x09 ,ẋ08; f 2;s21, ~43a!

x0-; f 4;s22, ~43b!

just as in Eqs.~42!. Since the radiation is strongly relativisti
and strongly beamed in the forward direction, it will tran
form under the boost as

E→A11b

12b
E5

E

f
5s1/2E. ~44!

Since the relevant parameters in the rescaled string are
same as in the boosted string, the rescaled string will a
release energys1/2E.

III. OVERLAP CALCULATION

Outside the string core, the fields fall off rapidly to the
vacuum values. Therefore, the portion of string near the c
which can be released as radiation can be at most the
where the string cores overlap. We will letr denote the ra-
06350
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dius of the core at which this annihilation becomes possib
It is not clear precisely what this value should be, but it
approximately the length corresponding to the energy sc
of the string,r;10230 cm for a GUT-scale gauge string.

We will use the canonical reference frame discussed
lier, in which ẋ0 is parallel tox0- .1 We show in the Appendix
that, in this frame, the length of the string overlap is ma
mized at the time of the cusp (t50). At the order of ap-
proximation we will use, the cusp is symmetrical; so we w
consider only the overlap between the point of the string as
and its symmetrical point at2s.

Using the Taylor expansion, Eq.~6!, of the string around
the position of the cusp, the distance between two points
the two different branches of the string is given by

ux~s,0!2x~2s,0!u5ux0-u
s3

3
1••• . ~45!

Using Eq.~1a! we can write the lowest-order correction
the velocity at a particular value of the parameters,

uẋ~s,0!u2512ux8~s,0!u2. ~46!

We can now use Eq.~6! to expandx8,

x8~s,0!5x09s1x0-
s2

2
1••• , ~47!

so that at the lowest order we have

uẋ~s,0!u2.12s2ux09u
2. ~48!

The gamma factor at this order ins is

g5
1

A12 ẋ2
.

1

ux09us
. ~49!

As a result of Lorentz contraction of the core of the string
the direction of motion, the cross section of the string in t
frame is not a circle of radiusr, but an ellipse with semima
jor axis r and semiminor axisr /g in the direction ofẋ.

Now the overlap calculation reduces to the computat
of the value ofs at which these two ellipses touch on
another. As before we will only take into account effects
orders. This allows us to ignore the component of the v

1If we start with a cusp in whichx0- is perpendicular toẋ0 , in the
canonical frame we havex0-50. Thus to third order ins the two
parts of the string lie on top of each other. Only at fifth order a
they separate; so the radiation emitted will be much larger than
calculate here. If one analyzes this cusp in the original frame,
finds that, at times either before or after the time of the cusp,
string nearly crosses itself. These near crossings give rise to
large energy emission. Since the typical cusp does not have
parameters chosen to produce this exact alignment, this l
amount of radiation occurs in only a vanishingly small fraction
cases.
8-5
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locity in the direction parallel tox09 . The component ofẋ in
the plane perpendicular tox09 is

ẋ'5 ẋ2
~ ẋ•x09!x09

ux09u
2 . ~50!

Sinceẋ0•x0950, we see that

ẋ'5 ẋ01sx3 , ~51!

wherex3 is the component ofẋ08 perpendicular tox09 ,

x35 ẋ082F ~ ẋ08•x09!

ux09u
2 Gx09 . ~52!

At this order of approximation the angle betweenẋ' and ẋ0
is

u.
ux3u

uẋ'u
s. ~53!

The cross section of the string in the plane perpendicula
x09 can be approximated by two ellipses whose centers
separated a distanceux(s)2x(2s)u and whose major axe
are tilted towards each other, each by a small angleu. See
Fig. 2.

It can be shown that if an ellipse whose major axis
along they direction is tilted by a positive anglea, the
maximum value ofx that the new rotated ellipse reaches

xm5Ad1
2 sin2a1d2

2 cos2a, ~54!

where d1 and d2 are the lengths of the semimajor an
semiminor axes, respectively. In our case,

xm5Ar 2 sin2u1
r 2

g2 cos2u

.rAu21
1

g2.rsAux3u21ux09u
2. ~55!

FIG. 2. A cross section through the strings at the point of c
tact.
06350
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The maximum value ofs at which the two branches o
the string touch is given by

sc
3ux0-u
3

52xm , ~56!

and so

sc5S 6rAux3u21ux09u
2

ux0-u D 1/2

5S 6r

ux0-u
Auẋ08u

22
~ ẋ08•x09!2

ux09u
2 1ux09u

2D 1/2

. ~57!

Sincex0- is parallel toẋ0 , we can use Eq.~8b!,

ux0-u5ux0-• ẋ0u5
1

2
uua09u

22ub09u
2u52uẋ08•x09u, ~58!

so that we can write the expression forsc as

sc5S 3rAux09u
21uẋ08u

2

uẋ08•x09u
2

2
1

ux09u
2D 1/2

~59!

or in terms of the derivatives of the vectorsa andb as

sc5S 6rA2~ ua09u
21ub09u

2!

~ ub09u
22ua09u

2!2
2

1

~a091b09!2D 1/2

. ~60!

As discussed earlier, we expect thenth derivatives to be of
the order ofL12n; so we finally get that

sc;ArL 1O~r !. ~61!

The segment of string whose energy could be radiated r
from 2sc to sc ; so the maximum energy release is

E52msc;mArL , ~62!

wherem is the energy per unit length of the string.
Using Eqs.~49! and ~61! we can compute the Lorent

boost of the string at the point where the overlap begins

gc;
1

ux09usc

;AL

r
. ~63!

For a cosmological string,L@r and sogc@1. In fact this
boost will normally be so large that the emitted particles w
have energies much larger than the Planck scale.

We imagine that the radiation consists of ‘‘X bosons’’
with rest massmX;Am, so that the number of particle
emitted is

NX;
E

gmX
;rAm;1, ~64!

independent of the cosmological length scaleL. The physical
size of the region from which these particles are emitted

-
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l;ux09usc
2;r , ~65!

also independent ofL. Thus the radiation from a cusp con
sists of a small number of particles with very large boo
emitted from a region whose size is similar to the stri
thickness.

IV. DISCUSSION

We have analyzed the transformation properties of cos
string cusps under Lorentz boosts. A generic cusp can
brought into a canonical form in which the motion of th
cusp tip lies in the plane of the cusp. In general a boos
large magnitude is not needed to go to this frame. Onc
such a frame, the cusp can be further boosted to scale
parameter, e.g.,x9, to any desired value. All the second
derivative parameters scale together under this transfor
tion. Thus the difference between a cusp that one wo
expect to find in a large loop and one that one would exp
in a small loop is essentially a matter of boosting.

The maximum amount of radiation which can be emitt
from a cusp is given by the energy stored in the parts of
string whose cores overlap. Taking into account the Lore
contraction of the core due to the rapid motion of the str
near the cusp, we have found that the emitted energy i
most of ordermArL . Previous analyses@5–9# have used the
result mr 1/3L2/3; the present result differs by a facto
(r /L)1/6. Sincer is of microphysical size, whileL is cosmo-
logical, the energy emitted is reduced by many orders
magnitude by this effect. Since even neglecting Lorentz c
traction the radiation from cusps would at most be bar
detectable@6–9#, this effect prevents any such observatio

ACKNOWLEDGMENTS

We would like to thank Xavier Siemens and Alex Vilen
kin for helpful conversations. This work was supported
part by funding provided by the National Science Foun
tion. J.J.B.P. is supported in part by the Fundacio´n Pedro
Barrie de la Maza.

APPENDIX: TIME VARIATION

The computation of the value ofs at which the two
branches of the string overlap involves three different effe
which have different time dependence; so there is the po
bility that portions of the string might overlap at timest
.0 or t,0 that are separate att50. In order to clarify this
point, we redo the calculation, keeping the dependence
time up to second order. Taking into account that in t
frame x0-• ẋ0850, the distance between the string centers
now

ux~s,t !2x~2s,t !u2.
s6

9
ux0-u214t2s2uẋ08u

21•••,

~A1!
06350
s

ic
be

f
in
ne

a-
ld
ct

e
tz
g
at

f
-

y

-

ts
si-

on
s
s

and the Lorentz factor is

g5
1

A12 ẋ2
5

1

ux8u
, ~A2!

and so

1

g2 .ux09u
2s212~x09• ẋ08!st1uẋ08u

2t2
••• ~A3!

and the angle of the ellipses is

u2.uẋ'2 ẋ08u
2.S uẋ08u

22
uẋ08•x09u

2

ux09u
2 D s21O~st2!1•••.

~A4!

Using Eq.~55! we can compute the radius of the string co
which would make the two branches of the string touch ats,

r ~s,t !25
ux~s,t !2x~2s,t !u2

u211/g2 , ~A5!

which can be written in terms of the dependence ons and t
as

r ~s,t !25
O~s6!1O~ t2s2!

O~s2!1O~st !1O~ t2!
. ~A6!

We now expand this function aroundt50,

r ~s,t !25r ~s,0!21S dr2

dt D
0

t1S d2r 2

dt2 D
0

t2

2
1••• , ~A7!

with

r ~s,0!25O~s4!, ~A8a!

S dr2

dt D
0

5O~s3!, ~A8b!

S d2r 2

dt2 D
0

5O~1!. ~A8c!

It can also be shown from Eqs.~A1!, ~A3!, and ~A4! that
(d2r 2/dt2)0 is positive; so we can obtain from Eqs.~A8! the
time at whichr (s,t) is minimum, namely,

tmin5O~s3!. ~A9!

If we use this order ofs in Eq. ~A6!, we see that the mini-
mum value ofr 2 is, at our order of approximation, the sam
as r (s,0)2; so we can compute the value ofsc using
r (sc ,0)5r , as above.
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