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Form of cosmic string cusps
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We classify the possible shapes of cosmic string cusps and how they transform under Lorentz boosts. A
generic cusp can be brought into a form in which the motion of the cusp tip lies in the plane of the cusp. The
cusp whose motion is perpendicular to this plane, considered by some authors, is a special case and not the
generic situation. We redo the calculation of the energy in the region where the string overlaps itself near a
cusp, which is the maximum energy that can be released in radiation. We take into account the motion of a
generic cusp and the resulting Lorentz contraction of the string core. The result is that the energy s@dles as
instead of the usual*3L?3, wherer is the string radius ant is the typical length scale of the string. Since
r<L for cosmological strings, the radiation is strongly suppressed and could not be observed.
[S0556-282199)01406-X

PACS numbeps): 98.80.Cq, 11.2%:d

I. INTRODUCTION have no chance to interact. Thus the result of the corrections
can be, at most, to change the effective radius at which the
Cosmic strings are topologically stable defects which maytwo branches of the string can be considered to overlap.
have formed during a symmetry breaking phase transition in Vincent, Antunes, and Hindmarghi1] found significant
the early universe. Because of their potential cosmologicalepartures from Nambu-Goto evolution in a field theory
and astrophysical effects, their properties and evolution haveimulation of a string with standing waves, but Moore and
been extensively studied in the past decadEsr reviews Shellard[12] did not find such an effect. We have simulated
see[1,2].) After formation, strings evolve into a scaling net- cusp production in lattice field theorjyl3] and have not
work in which a Hubble volume at any time contains of found a significant departure from the Nambu-Goto evolu-
order 1 long string and a larger number of oscillating loopstion before the time of the cusp. We will assume here that the
in the process of decay. The decay of cosmic string loops hagmount of energy emission can be calculated by following
been studied as a possible source of ultrahigh-energy cosmiie Nambu-Goto equations of motion and finding those
rays|[3,4]. places where the strings overlap, where overlap is defined
When the string is smooth on scales of the order of theising some radius~ 5~ *. The corrections discussed above
string thickness, the equations of motion reduce to thenight lead, at most, to a change ioby a small numerical
Nambu-Goto form, in which the string is treated as a onefactor, but our conclusions would not be affected.
dimensional object without thickness. A typical cosmic The position of the string at timé can be given by a
string loop, in the course of its oscillations, produces one ofunction x(o,t). With the usual choice of parametrization
more cusps: points where, in the Nambu-Goto approximati.e., gauge the functionx satisfies
tion, the string attains the velocity of light and doubles back

on itself. Near a cusp, the string can interact with itself and X" (0,024 |x(0,1)|2=1, (13
some of the energy stored in the string can be released as
high-energy radiatiof5—9]. In this paper we analyze the x'(o,t)-x(o,t)=0, (1b)

possible forms of such cusps and discuss how their shape
and motion are affected by the choice of Lorentz frame. and the equation of motion is
We will consider a gauge string with an energy scale i
which leads to a string tension~ 7> and a core radius X"(o,t)=x(a,1), (2
~ 7~ 1. The first deviation from the Nambu-Goto equations )
of motion appears at order/[R)“ [10] whereR is the radius Where x" denotes differentiation with respect @ and x
of curvature of the string. Far from any cuépr kink), Ris  denotes differentiation with respectttorhe general solution
of cosmological size, whereasis tiny; so the Nambu-Goto IS
approximation is very good. Near the cusp, the two branches
of the string _can.inte.ract with each other, and the Nambu- X(ort) = E[a(o—t)+b(0'+t)], &)
Goto approximation is no longer accurate. However, any 2
such interaction must fall off rapidly at large separations; so
string points whose closest distance of approach is sever#herea andb are arbitrary functions that satisfg’|=[b’|
timesr will not be affected by any corrections, and thus will =1. A cusp is a point at whic’(o—t)=—b’(c+t) and
thusx’ =0 and|x|=1.
We will expandx, a, andb in Taylor series around the
*Email address: jose@cosmos2.phy.tufts.edu position of the cusp, which we will take as=0 andt=0.
"Email address: kdo@alum.mit.edu By dimensional arguments, for a string with a typical length
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that |ag|/|bg| is unaffected by Lorentz transformations, so

that a cusp which does not hax§->'<0=0 cannot be trans-
formed into one which does.

We can align our coordinate system so tkgiies along
the positivex axis. Thenaj andbyg lie in they-z plane. Since
the overall orientation in this plane is immaterial, the degrees
of freedom at the second-derivative level are the magnitudes
|ag| and|bg| and the angle betweea§ andbf. Similarly at
the third-derivative level, the component &f in the x di-

" .

rection is determined by Eq7b), and similarly forbg; so
we have two degrees of freedom each &randbg . The

FIG. 1. The parameters of a cusp. The tip moves at the speed @usp is specified by seven parameters in all.

light in the directionx,, the direction of the string near the cusp is

given byxg, and the spreading of the strings is in the directifn

scaleL we expect thenth derivatives to be of order® ",
whereas, as we will see, we expectto be of orderyrL,

wherer is the string radius. Sinceis tiny [only a few orders

II. LORENTZ TRANSFORMATIONS

We now consider the effect of a Lorentz boost on the
second- and third-derivative parameters which characterize
our cusp. To determine the transformation we proceed as

of magnitude above the Planck scale for a grand unifiedollows. The string world sheet is a two-dimensional surface

theory (GUT) scale gauge striqgwhile L is a cosmological

in four-dimensional space. The surface is timelike except at

size, we see that this expansion converges very rapidly insolated cusp points, where it is null. A timelike two-surface

deed.

can be characterized at each point by two forward-directed

We will take the origin of coordinates at the cusp andnull vectorsA andB. The length of these vectors is arbitrary.

expanda andb near the cusp to third order i,

I " UZ ///0-3
a(U)ZaoUJfao?Jfaog, (49
0'2 0'3
b(o)=bo+ b;;7 + bg’g, (4b)

In a particular coordinate system, we can express the po-
sition of the string by a functior(o,t), which we expand as
in Eq. (3). The four-vector (') represents motion along
the string at fixed and thus is tangent to the world sheet.

Similarly, the four-vector (k) represents motion into the
future and in the direction of motion of the string; so it also
is tangent to the world sheet. The sums and differences of
these vectors are null and can be taken asfoandB,

where the subscript 0 denotes quantities at the cusp. To have

a cusp we require
ay=—hg, ©)

from which xo=b}, andx,=0. Similarly, we can expand
X(o)=Xg— + X5 —=- (6)

These vectors are shown in Fig. 1.
To maintain|a’(o)|=1 and|b’(o)|=1 we require

a’-a’ =0, (79
a///.a/: _|a//|2, (7b)
and similarly forb. From Eqs.(5) and(7) we see that

Xg')-(ozo, (8a)
m 1 172 "2
Xo‘Xo:§(|ao| —[bgl?). (8b)

Some author$5-9] have considered cusps witt§ - X,

Ar=(1x—x")=(1,—a'), (9a)
BA=(1x+x")=(1p’). (9b)

If we now transform to a new coordinate system, the vec-
tors A and B will still be tangent to the world sheet. These
vectors will still be null but they will have new components
which we will write

A#=(ALA), (109

B“=(B,B). (10b)
We will denote bya andb the functionsa andb in the new
coordinate system. We can determ@eandb’ by simply
scalingA* and B#,

At=(1,-a')=A/A, (113

B“=(1b')=B/B". (11b

We will let our new coordinate system move with veloc-
ity — B, so that a particle at rest in the original system is

=0, but in general this will not be the case. We will see latermoving with velocity 8 with respect to the new coordinates.
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The Lorentz transformation then givA;,: v(1—-a'-B) and
Bl'=9y(1+b’-B), wherey=1/\/1— B%. We will define

1

1
fam == ——— 12
YA yi-a-p (123
I — (120
"Bl y(1+bp)

Now let h be any function defined near the world sheet.

We can differentiate in the direction &f or B,

A+ h—&h ’Vh—ah X-Vh—x'-Vh
n == ~& Vh=— +x-Vh—x"-V
X X
oh|  oh 13
_EU %ty ( )
and
B~ h= oh +b’ Vh—&h +x-Vh+x'-Vh
PN gr) TP YT gy e
_oh +(9h »
—EU %t- ( )

If we make an arbitrary extension éfandB to a neigh-
borhood of the world sheet, we can define
B;=B"3,B"=(0b'+b")=(0,20"), (153

As=A*g,A’=(0,—a +a")=(0,2a").
(15b)

In the new reference frame we will haﬁé‘z(O,Zﬁ”) where
Ro= Al A= AARG,(faA) = FAARD A+ f AT p AA
= 2R+ Fafa AA, (16)

with fa a=A*d,, f,, and simnarlyégz(o,zB") with
B,=Br-B=1gB"3,(fgB)=13B"3,B+fafy B
=3B,+fgfp B 17

a.nd fB,B: B'“&M fB .
We are not concerned with the actual directiong'qf”,

and so on, but only their lengths and the angles between

them. We can compute

4[a'12=g(A,A)=faf2 Ag(A,A)+2f3Fa a0(AA,)

+1429(A2,A,), (18)

where we have used a metge=diag(—1,1,1,1).
Since A is null, g(A,A)=0. We also haveg(A,A)
=2a’'-a"=0 from Eq.(7a) and so
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[a'|=f3la"l. (19
Similarly, [b”|=f3|b"|.
At the cusp,A=B and so we can let

At this pointg(A,B)=0 andg(A,,B)=g(B,,A)=0; so

ag-by="fa-by. (21)

This means that the angle betwesgrandby is unaffected by
the boost. At the second-derivative level, the effect of a Lor-
entz transformatiorfup to rotation is purely to rescalex;
andb} by the same factof?.

We can compute the third derivatives using the same
technique,

(0,—4a")=AE=A"3,(A"3,AP), (223
(0,4b")=B5=B*J,(B"3,BP) (22b)
and

Ag=1aA"d,(fAA”0,(fpA))

=faAs+ 3f2AfA,AA2+ (fAf,ZA,A+ fifA,AA)Aa (233

By=1gB"d,(fgB"d,(fgB))
=f3Bs+3f3fg sBo+ (foZB,B+ fafsee)B, (23D
WherefA’AA=A“&M(AV8,,fA) ande‘BB: B”ﬂM(B”&,,fB)
The component of in the direction of, is fixed by Eq.
(7b); so we are only interested in the components in the
directions ofay andby. When we take the inner product of

Egs. (2339 and (16), only the first and second terms of Eq.
(239 will contribute as before:

—8a"-a'=g(A3.A;)
=f30(A3,A) +f AfaaQ(A3,A)
+3f afa a0(A2,A2)

=—8f3a" &' +4f ko p@" @' +12f afp al@"|2.

(24)
Using Eq.(7b) we can write this
'é///_an: fia///. a'—f 4AfA,A|a”|2' (25)
Now, from Egs.(128 and (13),
afp If B )
fapa=—r| ——| =————-(@—-a") (26
i, dofi y1-a'-p)y?
ZB. al/
=—f =—2yf3p-a 2
Al—a’~ﬂ YiaB (27)
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and, similarly,

C?fB (9fB _ﬂ .
A AN N —YE Y
88~ 5t | ¥ G0, y(1+b’~ﬂ)2( ) (28
Zﬂ b”
=— =—2yf28-1". 29
"14+b' - B vteh 9
Equation(25) then becomes
arr/.arr A( a”- "+2')’fA|a”|2ﬁ'a”). (30)
In the same manner we can compute
BW'B”:fg(bm'b”_Z’)/fB|b”|2B' b”), (31)
and, at the cusp, using EO0),
3 B 19Ta5 b+ 1 (3(a- b§) - 2~ 2617 bp)]
(329
'6/// A — S[b/// +’yf(|b | ﬁ )B b )]
(32b

Now we consider two types of Lorentz transformation: a

longitudinal boost in whichg is parallel tox,, and a boost
with a transverse component but which Has1. For the
longitudinal boost, the directions of,, &}, andb} are un-
affected. For thd =1 boost we will rotate the system after

the boost so that these vectors are returned to their original

directions.

For a longitudinal boost with8= B8x,, the effect is to
rescale the various parameters,

=), (333

By =1f2by, (33b
L = f5gr), (330
By =f5py), (330
B =g agr, (33¢
'Bgr(u) —f 4b6,(”)’ (33f)

where (L) denotes components perpendiculaxgoand (|)
denotes parallel components, and

1 1-p \/1— B
y(1+ ﬁ) 1+8 1+4

We see that ¥/is just the Doppler shift factor for radiation
moving in thex, direction.

For anf=1 transformationa), by, a;(’, andbj( are
unchanged, and

(34)
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"woZn "

-85 =(ag -8+ 2|ag| *B- &), (359
a5 -By=ag - b+ v(3(a-by) 8-
—|ag|?B- bp), (35h)
bg -ag=bg - ag+ (| bg|*B- a
—3(a6~ 0)B-bp), (350
bg - b= (b - by—27y|bj|2B- ). (350)

There are two parameters which specify thel trans-
formation. For example, we can write

B=BXo+ B . (36)

whereB, is perpendicular tx,. To makef=1 we demand

that 'y(l BpP=1 or y1- BZ=1— B|; so 1B, |? —ZEH
—ZBH We can spemf;BH and also the direction g8, in the

plane perpendicular tgy.

By the use of these two degrees of freedom, we can im-
pose two constraints oa; and by . For example, we can
require thatx be parallel tox,, as follows. We seek ah
=1 transformatlon such that

Smoan

1
035 =g e+ vB |16+ 5106
3
_( b/l)b// , (37a
2%
H/ /I /// " 3 " "
0=xg ot VB ( -bg)ag
-2+ 317 |- @b
These equations can be written in the form
YB-ay=cq, (38a
’yﬂ o= C2, (38b)

whereay and @, are vectors in the plane af, andbg, and

¢, andc, are constants. Assuming that the veciaandby

are linearly independenty; and a, will be also, since one
can show that the transformation matrix is not singular. Thus

we can choose a directigh, such that

r: . a r: . a
Ba B -a; >0, (39)
Ci1 C2
Then we must find a value fg8; such that
YIB.|=1lc. (40)

Sincef=1,y=1/(1-g)) and
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1B, | 28, dius of the core at which this annihilation becomes possible.
YIB.I= 1-5_ Vi-g (41) It is not clear precisely what this value should be, but it is

approximately the length corresponding to the energy scale

which can take any value by appropriate choicgspf Thus ~ ©f the string,r ~10~%° cm for a GUT-scale gauge string.
by appropriate choice of parameters we can majeal, We will use the canonical reference frame discussed ear-

. . . . N . " 1 . .
—x-bl=0 so that only the component &} parallel tox, lier, in whichx, is parallel toxy .~ We show in the Appendix
survives.

that, in this frame, the length of the string overlap is maxi-

If this cusp is part of a string with a typical length scale Mizeéd at the time of the cusp<0). At the order of ap-
then we expect),bi~L " and x/~L 2. Thus|ay|,|as)| proximation we will use, the cusp is symmetrical; so we will
~L~%andc,,c,~L "3 sovy|B| needs only to be of order 1.

consider only the overlap between the point of the string at
We do not need a huge boost to go to the frame wigris and its symmetrical point at .

Using the Taylor expansion, E¢), of the string around

parallel tox,. , __ the position of the cusp, the distance between two points on
Once in this canonical frame, we can make longitudinakne two different branches of the string is given by
boosts to scaléag| and|bg|. Thus, up to boosts, the cusp is

given by four parameters: the relative magnitudeapfand
o, the angle between thgm, and two parameters giiagrig

the plane perpendicular tq,. . . .
From these transformations we can determine the way itySind Ed-(1a we can write the lowest-order correction to

which the amount of radiation produced by a cusp scaled® Velocity at a particular value of the parameter

with the typical length scalé.. We will imagine that we . ) , 5

know nothing about the process by which this radiation is x(a,0)[*=1~x(7,0)|". (46)

produced, except for the following assumptions: the radia: ,

tion is strongly relativistic; the radiation is strongly beamedWe can now use Ed6) to expandx’,

in the direction ofxy; and the amount of radiation depends o2

only onxg, x4, andxj . X (0,0)=xgo+Xg 5+, (47)
Consider a cusp with length scaleand suppose that it

emits an amount of radiatioB. Now suppose first that we so that at the lowest order we have

rescale this cusp by a facter We will have

3

|x(a,0)—x(—o,0)|=|xg'|%+-.- . (45)

, IX(07,0)|2=1— 02| x5| 2. (48)
X3, Xo~s" 1, (429
The gamma factor at this order inis
Xy ~s"2. (42b)
. _ 1 1
Now suppose instead that we transform the cusp by a longi- y= ~ i (49
tudinal boost withf =s~ Y2 From Eqgs.(33) the parameters 1-x2  |x¢|o

scale as
. As a result of Lorentz contraction of the core of the string in
xg.Xp~ f2~s71, (4338 the direction of motion, the cross section of the string in this
frame is not a circle of radius but an ellipse with semima-

jor axisr and semiminor axis/y in the direction ofx.

Now the overlap calculation reduces to the computation
of the value ofo at which these two ellipses touch one
another. As before we will only take into account effects of
ordero. This allows us to ignore the component of the ve-

xg~f4~s72 (43b)

just as in Eqs(42). Since the radiation is strongly relativistic
and strongly beamed in the forward direction, it will trans-
form under the boost as

E—\/7—3 E=-=s"E. (44)

] ] ] Yif we start with a cusp in whichy is perpendicular ta, in the
Since the relevant parameters in the rescaled string are th@nonical frame we have =0. Thus to third order inr the two
same as in the boosted string, the rescaled string will alsgarts of the string lie on top of each other. Only at fifth order are

release energg'/E. they separate; so the radiation emitted will be much larger than we
calculate here. If one analyzes this cusp in the original frame, one
I1l. OVERLAP CALCULATION finds that, at times either before or after the time of the cusp, the

string nearly crosses itself. These near crossings give rise to the
Outside the string core, the fields fall off rapidly to their jarge energy emission. Since the typical cusp does not have the
vacuum values. Therefore, the portion of string near the cusparameters chosen to produce this exact alignment, this large
which can be released as radiation can be at most the paiinount of radiation occurs in only a vanishingly small fraction of
where the string cores overlap. We will letdenote the ra- cases.
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IX(o) - X(-6)I

FIG. 2. A cross section through the strings at the point of con-

tact.

locity in the direction parallel tag. The component ok in
the plane perpendicular < is

"

(k'xo)XS

T 0

)'(L =X—
Sincex,-x45=0, we see that

X, =Xo+ X3, (52)

wherex; is the component ok, perpendicular toc,

!

(X9 X
—5— | X0 52
g [ %2

At this order of approximation the angle betweenandx,
is

PHYSICAL REVIEW D59 063508

The maximum value ot at which the two branches of
the string touch is given by

"

US|X0
3

=2Xm, (56)

and so

6 ol 7
Oc= #

%o

- 1/2
6r : (X4-Xg)?
Z(W\/|X6|Z—W+|X8|Z Y
0
"

Sincex( is parallel tox,, we can use Eq8b),

o1 :
IXg1= Ix5 - xol = 5 [l85|* = [og|*| = 2|xg- x|, (58)

so that we can write the expression tgf as

- 1/2
N
T.= 3r 2 - |X”|2 (59)
X0 X0l 0

or in terms of the derivatives of the vectasandb as

2 1/ 2+ bn 2 1 172
er \/ (|a0| | 0 ) T "2 . (60)
(1§12~ 1ebl?)? ~ (8+ ()

As discussed earlier, we expect thth derivatives to be of
the order ofL1™"; so we finally get that

oo~ JrL+0(r). (61)

The segment of string whose energy could be radiated runs
from — o to o; so the maximum energy release is

Oc.=

E=2poc~prL, (62

|X8|0'c

The cross section-of the string in th_e plane perpendicular t9vhere,u is the energy per unit length of the string.
Xp can be approxmated by two ellipses whose genters are ysing Eqs.(49 and (61) we can compute the Lorentz
separated a distan¢g(o) —x(— )| and whose major axes poost of the string at the point where the overlap begins,
are tilted towards each other, each by a small amfgl&ee
Fig. 2. 1 L
It can be shown that if an ellipse whose major axis is Ve ~ \/: (63
along they direction is tilted by a positive angle, the '
maximum value ofk that the new rotated ellipse reaches is . . .
For a cosmological strind,>r and sovy.>1. In fact this
v > boost will normally be so large that the emitted particles will
Xm= ‘/dls'rlza+d2 cosa, (54) have energies much larger than the Planck scale.
We imagine that the radiation consists oK “bosons”
with rest massmy~ /i, so that the number of particles
emitted is

where d; and d, are the lengths of the semimajor and
semiminor axes, respectively. In our case,

2
Xn= \/rzsin20+ — o< 0 wai”rVMNL (64)
m

Y

1
=r+\/ 6*+ ?:rm/|x3|2+|xg|2. (55)

PALDY(

independent of the cosmological length sdal@he physical
size of the region from which these particles are emitted is
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I~|x6|o§~r, (65) and the Lorentz factor is
also independent df. Thus the radiation from a cusp con- 1 1
sists of a small number of particles with very large boosts V= == (A2)
emitted from a region whose size is similar to the string 1-x2  [X']
thickness.
and so
IV. DISCUSSION 1
. . . ~ |22 "o o242
We have analyzed the transformation properties of cosmic 7—|X'o| 0+ 2(Xg- Xg) ot + |xo| % - - (A3)

string cusps under Lorentz boosts. A generic cusp can be
cusp tip lies in the plane of the cusp. In general a boost of

large magnitude is not needed to go to this frame. Once in o _ |)'(/ X012
such a frame, the cusp can be further boosted to scale one 022|XJ__X(,)|22 |X6|2— 0 ,,g a?+0(at?) +---.
parameter, e.gx”, to any desired value. All the second- ol

derivative parameters scale together under this transforma- (A4)

tion. Thus the difference between a cusp that one Wou“Sismg Eq.(55) we can compute the radius of the string core

expect to find in a large loop and one that one would expeq hich would make the two branches of the string touchrat

in a small loop is essentially a matter of boosting.
The maximum amount of radiation which can be emitted IX(0,t) = X(— o, 1)|2

from a cusp is given by the energy stored in the parts of the r(o,t)%= ' :

string whose cores overlap. Taking into account the Lorentz

contraction of the core due to the rapid motion of the strin

near the cusp, we have found that the emitted energy is

most of orderw+rL. Previous analysd$—9] have used the

result ur'®L?% the present result differs by a factor 0(6%) + O(t202)

(r/L)Y®. Sincer is of microphysical size, whil& is cosmo- r(o,t)?= > 5. (AB)

logical, the energy emitted is reduced by many orders of O(0%)+0(at)+0(t%)

magnitude by this effect. Since even neglecting Lorentz con,

traction the radiation from cusps would at most be barelyWe now expand this function aroure0,

6°+ 11y° ’ (AS)

gg\/hich can be written in terms of the dependencesoandt

detectabld 69, this effect prevents any such observation. 2 d2r2\ 2
I'(O',t)zzl'(O',O)z‘l' W t+ W) E+ s (A?)
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APPENDIX: TIME VARIATION 0
The computation of the value oF at which the two d’r? _o(1 A8
branches of the string overlap involves three different effects dt? | (). (A8c)

which have different time dependence; so there is the possi- 0

bility that portions of the string might overlap at time_as It can also be shown from Eq$Al), (A3), and (A4) that
>0 ort<0 that are separate &t 0. In order to clarify this (d?r?/dt?), is positive; so we can obtain from Eq#8) the
point, we redo the calculation, keeping the dependence Ofjme at whichr (,t) is minimum, namely,

time up to second order. Taking into account that in this

"

frame x - x,=0, the distance between the string centers is tmin=0(cd). (A9)
now
If we use this order otr in Eq. (A6), we see that the mini-
mum value ofr? is, at our order of approximation, the same
as r(o,0)%; so we can compute the value of, using
(A1) r(o.,0)=r, as above.

6
(o .
[X(0) = x(— 0,0)]P= TR 2+ 402 xg 2+ -,
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